O CHCTEMAX nO^IIPOCTPAHCTB THJlbBEPTOBA IIPOCTPAHCTBA, 
YAOBJlETBOPHIOmHX YCJIOBMM HA yrOJl HJ1H KOMMYTAUHH 
RJIK KA5KAOH nAPBI nOAnPOCTPAHCTB 
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Ahhotaii,h.h. Mbi H3yHaeM chctcmbi no/nrpocTpaHCTB Hi, . . . , H n KOMiuieKCHoro rnjii>6epTO- 
Ba npocTpancTBa H, ynpBjieTBopflioinHe cjieflyrompM ycjiOBHHM: fljia Ka»c/i,oro iiHfleicca i > 1 
cpHKCHpoBaH yroji #1.; € (0,7r/2) Mexyiy no/nrpocTpaHCTBaMii Hi h #i; npocKTopBi Ha nofl- 
npocTpaHCTBa i?2fc h H2k+i, H m, ^ 2m < KOMMy TiipyiOT j a Bee ocTajiBHBie napBi 
noflnpocTpaHCTB Hi h Hj opToroHajiBHBi. 

£Nj . OCHOBHBIM HHCTpyMeHTOM H3yHeHHH TaKHX CHCTeM IIOflnpOCTpaHCTB HBJIHeTCH G-KOHCTpyK- 

h,hh — KOHCTpyKi^HH CHCTeMBi noflnpocTpaHCTB rHjiB6epTOBa npocTpaHCTBa no ee onepaTopy 
TpaMa. 

a 

a 

-s 

1. BBEflEHHE 

1.1. CHCTeMi>i no/],npocTpaHCTB. IfeyHeHHe chci^m L = (V;Vi, . . . ,V n ) no^npocTpaHCTB 
V±, . . . , V n KOHeHHOMepHoro jiKHeftHoro npocTpaHCTBa V, n G N, b nacTHocTH, onncaHHe Hepa3- 
jiojkhmbix HeTBepoK no,zrnpocTpaHCTB b V [I], onncaHHe Hepa3JioacHMBix npe^cTaBjieHHil b npo- 
CTpaHCTBe V KOHe^HBix nacTHHHO ynopH^oneHHBix mhojkcctb (cm., HanpHMep, [2]), h T.fl. sb- 
jihiotch KjiaccHHecKHMH 3a,n;aHaMH ajire6pti (cm. 6n6jiHorpa(pHio b |10]). 

IlycTB H — KOMnjieKCHoe rnjiB6epTOBO npocTpaHCTBO, Hk, 1 ^ k ^ n, — Ha6op ero no^npo- 
CTpaHCTB. H3yneHne chci^m no^npocTpaHCTB S = (H; Hi, ... , H n ) rHjiB6epTOBa npocrpaHCTBa 
H (hjih, hto TO>Ke caMoe, Ha6opoB cooTBeTCTByiomnx opTonpoeKTopoB Pi, . . . ,P n ) aBjiae-Tcs 
BajKHoii sa^aneS cpyHKinioHajiBHoro aHajiH3a, KOTopon nocBHineHBi MHoronncjieHHBie ny6jiH- 
KaniiH (cm., HanpHMep, [10] h 6n6jiHorpa(pHio TaM). 

OnncaHHe Bcex Hepa3Jio>KHMbix chctcm no^npocTpaHCTB S c tohhoctbio ,n,o yHHTapHofi sk- 
BHBajieHTHocTH xopomo H3BecTHo b cjiynae n ^ 2. Tax, b cjiynae n = 1 jno6aH Hepa3Jio>KHMaa 
cHCTeMa 5* yHHTapHo 3KBHBajieHTHa o/xhoh H3 CHCTeM So = (C; 0) h Si = (C;C); a b cjiynae 
n = 2 (cm., HanpHMep, [3]) c tohhoctbio yHHTapHofi 3KBHBajieHTHocTH cymecTByioT ne- 
TBipe Hep a3 jio>KHMBie napBi no^npocTpaHCTB Soo = (C;0,0), Sox = (C;0, C), Sxo = (C;C, 0), 
5n = (C; C, C) h ceMeficTBO Hepa3Jio}KHMbix chctcm o/XHOMepHBix no^npocTpaHCTB b ^ByMep- 

HOM npOCTpaHCTBe S^ = (H; Hi, H2), If G (0, |), TaKHX, HTO B HeKOTOpOM OpTOHOpMHpOBaHHOM 

6a3Hce {ei, e 2 } b H, no,n;npocTpaHCTBo Hi nopojKfleHo BeKTopoM ex, a no,znipocTpaHCTBo H 2 no- 
poac,n;eHO BeKTopoM x = cos^ei + sin<^e2. 

B cjiynae n ^ 3 3a^ana onHcaHHH Hepa3Jio>KHMBix CHCTeM no,n;npocTpaHCTB S c tohhoctbio 

yHHTapHOH 3KBHBajieHTHOCTH HBJIHeTCH ^-flHKOH (CM. [H |8]). ^-^HKOH HBJIHeTCH ^a>Ke 

3a^ana 06 onncaHHH Tpoex no^npocTpaHCTB S = (H; Hi, H 2 , H 3 ) Taxnx hto H 2 -LH 3 (o *- 
^hkhx 3a^aHax cm. [HE])- 

TaKHM o6pa30M, ecTecTBeHHo bbi^cjihtb tot hjih hhoh Kjiacc chctcm no^npocTpaHCTB h, 

no B03MOJKHOCTH, OnHCaTB C TOHHOCTBK) RO yHHTapHOH SKBHBajieHTHOCTH BCe Hepa3JIO>KHMBie 

CHCTeMBi H3 BBi6paHHoro Kjiacca. 
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1.2. HeKOTopbie KJiaccw chctgm no/rnpocTpaHCTB. B pa6oTe [7] (|>h3hkh H. N. V. Temperley 
h E. H. Lieb bbcjih ajire6pBi 

C(pi,p 2 ,...,p n \ Pj =Pj, j = l,2,...,n; 

PiPiPi = ^Pi, = 1; 

z/ G C, b CB5I3H c H3yneHHeM Mo^ejieii CTaTHCTHHecKoii (DH3hkh. B cjiynae z/ = Tq G (0, 1) 
Taxne ajire6pBi mojkho paccMaTpuBaTB KaK *-ajrre6pBi, ecjin onpe^ejiHTB b hhx hhbojiioii;hk) 
paBeHCTBaMH p* = pj, 1 ^ j < n. ITycTB tt — HeKOTopoe *-npe^CTaBjieHHe TaKoii *-ajire6pBi 
b rHjiB6epTOBOM npocTpaHCTBe H, a Hi — o6pa3Bi opTonpoeKTopoB Pj = n(pi). TaKHM o6pa- 
30M Mbi nojiynnjiH cncT6My no^npocTpaHCTB S = (H; Hi, . . . , H n ), KOTopaa ynpBjieTBopneT 
cne,zryiorHHM ycjioBH3M: 

(1) «coce^HHe» napbi no^npocTpaHCTB pacnoAootcenu dpyz omHocume/ibHO dpyea nod yz- 
aom 6» , r = cos 6» , T.e. PiPi+iPi = t 2 P, P i+1 PiP i+1 = T$P i+1 , i = 1, . . . ,n - 1; 

(2) ocTajibHbie napBi no^npocTpaHCTB «KOMMymupyK>m» , T.e. PjPj = PyPj- 

PaccMOTpHM rpacp A n c mhojkcctbom BepniHH {1, 2, . . . , n} h mhojkcctbom pe6ep {i, i + 1}, 1 ^ 
i ^ n — 1. Tor^a ycjioBns Ha yroji MejK^y no^npocTpaHCTBaMH cooTBeTCTByioT napaM BepniHH 
i,j, coe^HHeHHBix peGpoM b A n , a ycjioBHH KOMMyTauiiH — napaM BepniHH i, j, He coe^HHeHHBix 
pe6poM. 

HcnojiB3ya sto Ha6jno,n;eHHe, mojkho onpe^ejiHTB Kjiacc cncTeM no^npocTpaHCTB, cBH3aHHBiH 
c rpacpoM T h (pyHKHHeH r Ha ero pe6pax. IlycTB T — rpacp 6e3 neTejiB h KpaTHBix pe6ep c 
MHOJKecTBOM BepniHH {1,2, ... ,n}. 06o3HaHHM nepe3 E MHoacecTBo pe6ep T, a nepe3 P — 
MHOJKecTBo nap BepniHH {i,j}, He coe^HHeHHBix pe6poM b T. IlycTB Ha pe6pax T, 3a,naHBi 

(pyHKHHH 

9 : E -»■ (0,tt/2) : i— >■ {iJ} n r = cos 6 : P -» (0, 1) : {i, j} h-> T {iJ} . 

Hepe3 Sys(T, r) o6o3HannM mhojkcctbo chctcm no^npocTpaHCTB S = (H; H\, . . . , H n ) Taxnx, 

HTO 

(1) ecjin {i,j} G P, to no^npocTpaHCTBa Hi,Hj pacnojioaceHBi ,npyr othochtcjibho Rpyra 
no^ yrjioM 9 {i>j} , T.e. PP,P = rf iJ} Pi h P,PPj = rf iJ} Pj; 

(2) ecjin {i, j} G P, to no^npocTpaHCTBa Hi,Hj «KOMMyTHpyioT», T.e. P%Pj = PjPi- 

CncTeMBi S G Sys(T, r) mojkho paccMaTpHBaTB KaK *-npe,ncTaBjieHHJi cooTBeTCTByiorneii *- 
ajire6pBi 

T£r> = C{p u p 2 , ...,p n \p 2 j =p*= Pj , j = 1, 2, . . . ,n; 

PiPj-Pi = r { 2 i j} pi, {z,j} G P; 

Otmcthm, hto ecjin «3a6BiTB» 06 hhbojhoh,hh, T.e. b onpe^ejieHHH T£r,r ycjioBHH p 2 = p* = pj 
3aMeHHTb Ha p 2 = pj , to onpe^ejieHHasi TaKHM o6pa30M ajire6pa 6y^;eT npoeKmuenou a,A2e6pou 
(cm. [2], pa3,n;eji 6). 

Bojiee y3KHH Kjiacc chctcm no^npocTpaHCTB nojiyHHTcn, ecjin fljia KajK^ofi napBi BepniHH 
i,j, He coe,n;HHeHHBix pe6poM b T, ycjioBHe KOMMyrar^HH ycHjniTB, 3aMeHHB Ha ycjioBHe opmoso- 
HaAbHocmu PiPj = PjPi = 0. MHoacecTBo TaKHx cncTeM no^npocTpaHCTB — «npocTBix» cncTeM 
no^npocTpaHCTB — o6o3HannM nepe3 Sys(T, r, _L). Tanne chctcmbi mojkho paccMaTpHBaTB KaK 
*-npe,n;cTaBjieHHH cooTBeTCTByion^en *-ajire6pbi TCt,t,± (KOTopaa: hbjihctcji (paKTop-ajire6pon 
*-ajire6pBi T£r_ T ). H3yneHHio Kjiacca cncTeM no^npocTpaHCTB Sys(T, t, _L) h *-ajire6p TCy,t,± 
nocBHm;eHa cepHH pa6oT (cm. o63op |1Q]). 
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EcTecTBeHHMM o6pa30M B03HHKaeT Kjiacc cHCTeM no^npocTpaHCTB, 3aHHMaioru;Hii «npoMe- 
JKyTOHHoe » nojioxceHHe Meac^y Sys(T,r) h Sys(T, r, _L). IlycTb E c — HeKOTopoe no^MHoace- 
ctbo MHoacecTBa E. 06o3HaHHM nepe3 SysiT , E c , r) MHoxcecTBo chctcm no^npocTpaHCTB S = 
(H; Hi, ... , H n ) TaKHx, hto 

(1) earn {i,j} G E, to no^npocTpaHCTBa Hi,Hj pacnojioaceHbi ^pyr oTHocHTejibHo flpyra 
no^ yrjioM 9 {i;j y, 

(2) earn {i,j} G E c , to no^npocTpaHCTBa Hi,Hj <<KOMMyTnpyioT>> ; 

(3) ecjin {i, j} G E \ E c , to no^npocTpaHCTBa Hi, Hj opToroHajibHBi. 

B HacTOHinen pa6oTe mbi H3ynaeM KjiaccBi chctcm no^npocTpaHCTB Sys(KiN, i?^,r), r,n;e 
iV G N, m G NU {0}, 2m ^ JV, K 1N — «3Be3,na» c N jrynaMH, t — npoii3BOJiBHasi (pymcuiia Ha 
pe6pax K 1>N , a MHoacecTBO -E 1 ^ coctoht H3 nap BepniiiH {2k, 2k + 1}, 1 ^ /c ^ m. Ilepe^i; TeM 
Kax Gojiee aKKypaTHo ccpopMyjmpoBaTb sa^any h ocHOBHBie pe3yjibTaTbi, HanoMHHM HexoTopbie 
Heo6xo^HMBie onpeflejiemra. 

1.3. OcHOBHbie onpeflejieHHa. CncTeMy no^npocTparicTB S = (H; Hi, . . . , H n ) Ha3biBaioT 
pasAOMCUMOu, ecjiH cymecTByeT opToroHajiBHoe pa3Jio>KeHHe H = H' © H" b npHMyio cyMMy 
HeHyjieBBix no^npocTpaHCTB H ', H" h chctcmbi no^npocTpaHCTB S' = (H'; H[, . . . , H' n ), S" = 
(H"; H'l, . . . , if") TaKiie , hto H k = H' k © H' k ' ,h;jih Bcex 1 ^ k ^ n. CncreMa no^npocTpaHCTB 
S Ha3BiBaeTca Hepa,3AowcuMou earn oHa He hbjihctch pa3Jio>KHMOH. Xoponio H3BecTHo, hto 
Hepa3jio>KHMocTB cHCTeMbi S paBHocHjiBHa ee nenpueoduMocmu, T.e. BBinojiHeHHio cjie^yiomero 
ycjiOBHH: ecjin orpaHnneHHbiH jiHHeftHbiH onepaTop A : H — >■ H ynoBjieTBopneT AP k = P k A 
npn 1 ^ k ^ n, to A = XI fljia HexoToporo A G C. 

,U,Be CHCTeMbi no^npocTpaHCTB S = (H; Hi, ... , H n ) h S' = (H'; H[, . . . , H' n ) noflnpocTpaHCTB 
b H h H' Ha3biBaioTCH ynumapHo 9K6ueaAeHmnuMU, ecjin cymecTByeT yHHTapHbiii onepaTop 
U : H — >■ H' TaKOii, hto H' k = U(H k ) flJifl Bcex 1 ^ k ^ n. riocjie^Hee ycjioBHe paBHocnjibHo 
P' k = UP k U*, T.e. UP k = P' k U. 

J\jisi. CHCTeMbi no^npocTpaHCTB S, BeKTop (dim if; dimi?!, . . . , dimH n ), KOMnoHeHTaMH koto- 
poro hbjihiotch moiithocth, Ha3bmaioT oSoSv^ennou pa3MepHocmbw CHCTeMbi no^npocTpaHCTB S. 
B ^ajibHeflnieM, htoGm He ycjio>KHHTb o6o3HaneHH5i, ecjin ^;jih CHCTeMbi S Bee dimH k paBHbi, 
to o6o6m;eHHOH pa3MepHOCTbio S 6y^;eM Ha3biBaTb BeKTop (dim if; dim/Ji). 

CncTeMa no^npocTpaHCTB S Ha3bmaeTCH nyAeeou, ecjin Hi = ^jih Bcex 1 ^ % ^ n. B 
npoTHBHOM cjiynae cncTeMa Ha3biBaeTcn HeHyjieBofl. 

1.4. IIocTaHOBKa 3aflaHH h ocHOBHBie pe3yjii>TaTi>i. LlycTb m, r — HeoTpHii;aTejibHbie ue- 
jibie HHCjia, nojio>KHM = 2m + r. PaccMOTpHM «3Be3^y» c jiynaMH, T.e. rpacp K^n, mho- 
>KecTBo BepmHH KOToporo V = {1,2, . . . , N + 1} 3aHyMepoBaHo TaKHM o6pa30M, hto BepniHHa 
1 coe^HHeHa co BceMH ocTajibHbiMH BepniHHaMH. TaKHM o6pa30M, mhojkcctbo pe6ep E paBHo 
{{1, k} | k G V\{1}}. Hepe3 E^ o6o3HaHHM MHoacecTBo nap BepniHH {{2k, 2k + l} \ 1 ^ k ^ m) 
(Ha pncyHKe sth napbi BepniHH coe^HHeHbi nyHKTnpoM): 




2m + 3 

LlycTb Ka»c^;oMy pe6py {l,k} conocTaBjieH yroji &{i,k} G (0, 7r/2), T.e. 3a^aHa cpyHKii;H5i 6 : 
E — >■ (0, 7r/2). Oupe^ejiHM cpyHKn,Hio r = cos^ : E 1 — >■ (0, 1), T.e. T{i^} = cos^i^} G (0, 1). 



4 



A.B.CTpejieu;, H.C.OemeHKO 



BBe^eHHbie rpacp Ki,N) mhojkoctbo E^ h (pyHKHHH r no3Boji5HOT «HarjiaflHO» ccpopMynH- 
poBaTb ycjioBHH, KOTopBiM ynoBjieTBopaioT cHCTeMBi no,zrripocTpaHCTB S = (H] Hi, . . . , H n ), 
n — N + 1, paccMaTpHBaeMBie b stoh cTaTBe. 

(Ang): ycjiOBHa Ha yrjiw (cooTBeTCTByiorixHe napaM BepniHH, coe^HHeHHBix peGpoM). /Jjih 
Kaac^oro k = 2, 3, . . . , N + 1 no^npocTpaHCTBa Hi h H k pacnojioaceHBi ,npyr othochtcjibho 
flpyra ncm yrjioM 6 {1)k} , T.e. PiP k Pi = r { 2 l fe} Pi h P k P\Pk = T{i, k } P k- 

(Com): ycjiOBHa KOMMyrai^HH (cooTBeTCTByiorixHe napaM BepniHH, coe^HHeHHBix nyHKTH- 
Pom). ^Jia KajK^oro k = 1, 2, . . . , m opTonpoeKTopBi P2A: h P2fc+i KOMMyrnpyioT, T.e. i^fcPfc+i = 

P2fc+lP2fc- 

(Ort): "YcjiOBHa opToroHajiBHOCTH (cooTBeTCTByiorixHe napaM BepniHH, He coe^HHeHHBix 
pe6poM hjih nyHKTHpoM). Ecjih napa pa3JiHHHBix BepniHHBi i,j He coeflimeHa pe6poM, h 3Ta 
napa He npHHa^jie>KHT MHOJKecTBy E^, to cooTBeTCTByroinne no^npocTpaHCTBa Hi h if., opTo- 
roHajiBHBi, T.e. P%Pj = 0. 

Otmcthm, hto b cjiynae m = H3ynaeMaa: cncTeMa no^npocTpaHCTB HBjiaeTCH «npocToii» 
CHCTeMofi no^npocTpaHCTB, GBH3aHHOH c rpacpoM Ki t N h (pyHKHHeft r Ha ero pe6pax. 

CncTeMBi no^npocTpaHCTB, yflOBjieTBopHionpie npHBe^eHHBiM Bbinie ycjioBHHM, mojkho pac- 
CMaTpHBaTB KaK *-npe,ncTaBjieHHH b rnjiBGepTOBOM npocTpaHCTBe *-ajire6pBi TC(Ki^n, t), 
onpe^ejieHHofl o6pa3yioiiiHMH h coothohi6hhhmh: 

TC(K 1jN , E c m , r) = C(pi,p2, • • -,Pn+i I Pj = Pj = Pj, 3 € v 

PiPjPi = T {i,j}Pi> {hi} e E 

PiPj =PjPi, e 

PlPi = 0, {ijj^U^). 

BsaHMHo o^H03HaHHoe cooTBeTCTBHe MOfyry cHCTeMaMH no^npocTpaHCTB S, y^oBjieTBopaio- 
uxhmh ycjioBHHM (Ang), (Com), (Ort), n *-npeflCTaBjieHHHMH 7r *-ajire6pBi 7X(ifi,jv, E^,t) b 
rnjiB6epTOBOM npocTpaHCTBe H 3a^;aeTCH paBeHCTBOM H k = Im7r(pfc), k e V . 

B o6o3HaneHHH *-ajire6pBi TC(Ki n, E^, t) 6yKBBi TC BBi6paHBi b necTB 4)H3hkob H. N. V. 
Temperley n E. H. Lieb'a. 

Ochobhbimh pe3yjiBTaTaMH Hanieii paGoTBi hbjihiotch: 

(1) onncaHHe (c tohhoctbio flo yHHTapHofi sKBHBajieHTHocTn) Bcex cncTeM no^npocTpaHCTB 
S, y^oBjieTBopHiornnx (Ang), (Com), (Ort) (cm. noiipa3iieji 13. ip ; 

(2) onncaHHe (c tohhoctbio ^o yHHTapHofi SKBHBajieHTHOCTn) Bcex HenpHBOflHMtrx cncTeM 
no^npocTpaHCTB S, yflOBjieTBopaioiiiHX (Ang), (Com), (Ort) (cm. TeopeMV 13.11 n nofl- 
pa3^eji 13. 2p . 

Otmcthm, hto fljia m ^ 3 npn Bapnai^nHX napaMeTpoB TU k} B03HHKaioT Tpn B03MO>KHBie 
CHTyan,HH: cym;ecTByeT KOHenHoe hhcjio yHHTapHo HesKBHBajieHTHBix HenpHBo^HMBix cncTeM 
no^npocTpaHCTB (KOHeuHan 3a^ana); yHHTapHo HesKBHBajieHTHBix HenpHBo^HMBix chctcm nofl- 
npocTpaHCTB GecKOHenHoe hhcjio, ho hx Bee erne mojkho onncaTB {pynnaH sa^ana); 3a^ana onn- 

CaHHS BCeX CHCTCM nO^npOCTpaHCTB C TOHHOCTBIO J\0 yHHTapHOH SKBHBajieHTHOCTH HBJIHeTCH 

«6e3Ha^e>KHOH» b onpe^ejieHHOM CMBicjie {dunan 3a^ana). 

B pa3^;ejie |2] npHBO^HTCH G-KOHCTpyKHHH, KOTopan hbjihctch ochobhbim HHCTpyMeHTOM, nc- 
nojiB3yeMBiM ^jih onncaHHH cncTeM no^npocTpaHCTB. CaMa G-KOHCTpyKn;HH n pe3yjiBTaTBi pa3- 
flejia |2] 3a HCKjnoneHneM pe3yjiBTaTOB noflpa3flejia 12.51 ccpopMyjinpoBaHBi ^;jih npoH3BOJiBHBix 
cncTeM no^npocTpaHCTB. yTBepjK^eHHH nojpa3iiejia l2.5l MorvT 6bitb ycnjieHBi, ho c o,h,hoh cto- 
Pohbi 3to npnBejio 6bi k ycjiojKHeHHio ^0Ka3aTejiBCTB, a c flpyrofi cTopoHbi n b TaKOM BapnaHTe 
ohh MoryT 6bitb HcnojiB30BaHBi fljiH H3yneHHH Kjiacca chctcm no,zrripocTpaHCTB HaMHoro Gojiee 
ninpoKoro, neM tot, kotopbih H3ynaeTCH b HacTOHn^en pa6oTe. 

ABTOpBI Ha^dOTCH, HTO G-KOHCTpyKI^HH n03BOJIHT B ^ajIBHCHniHX HCCJie^OBaHHHX nojiyHHTB 

onncaHHH ^pyrnx KjiaccoB chctcm no^npocTpaHCTB. HanpHMep, o^hhm H3 HHTepecHBix ^;jih 
H3yneHH5i KjiaccoB HBjiHeTCH Kjiacc cncTeM no^npocTpaHCTB, kotopbih 3a^aeTca rpacpoM Ki t N, 
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(pyHKirnen r Ha pe6pax h MHoacecTBOM nap BepniHH ( «nyHKTiipHt>ix» pe6ep) E c , 6ojiee cjiojk- 
hbim, neM E^. 

1.5. 06o3HaHeHHa. B flaHHon pa6oTe Mbi paccMaTpnBaeM KOMnjieKCHbie rnjibGepTOBbi npo- 
cTpaHCTBa, KOTopbie o6o3HanaeM 6yKBaMH H, M, K. Otmcthm, hto mbi He Haxjia^BiBaeM ^;o- 
nojiHHTejiBHBix ycjioBHtt Ha pa3MepHocTB rnjiBGepTOBa npocTpaHCTBa. Hto6bi He ycjioxcHHTB 
o6o3HaHeHHH, cKajinpHoe npoH3Be^eHHe, KaK npaBHjio, o6o3HanaeTCH (•, •). B pa3jinHHbix thjib- 
6epTOBBix npocTpaHCTBax CKajinpHoe npoH3Be^eHHe McxaceT o6o3HaHaTBCH o^HHaKOBO, ecjin sto 
He npHBCflHT k He^;opa3yMeHHio. 

2. G-KOHCTPYKIJHfl 

2.1. G-KOHCTpyKu,H5i CHCTeMbi no,n,npocTpaHCTB rHJib6epTOBa npocTpaHCTBa. IlycTB 
H ok , 1 ^ k ^ n, — Ha6op HeHyjieBBix rnjiBGepTOBBix npocTpaHCTB. Onpe^ejiHM rnjiBGepTOBo 
npocTpaHCTBo H = iJ ,i©- • -©-Ho,™ H 6yneM o6o3HanaTB nepe3 (•, -) cKajinpHoe npoH3Be^eHHe b 
HeM. IlycTB T k : ifo,fc — > H — ecTecTBeHHoe BjioxceHHe npocTpaHCTBa ifo,fc b npocTpaHCTBo H, to 
ecTb T k x = (0, . . . , 0, x, 0, . . . , 0), r^e x ctoht Ha /c-tom MecTe. Tor^a onepaTop r£ : H — > H$ k 
HBjiHeTCH onepaTopoM Bbi^ejieHHa fc-ott KoopflimaTbi: Y* k {xi, . . . ,x n ) = x k . Onpe^ejiHM 

H k = ImTfc, 1 ^ k ^ n. 

IlycTB B : H — )■ H — orpaHnneHHbiH HeoTpnHaTejibHbin caMoconpH>KeHHBiH onepaTop, npn- 
neM fljia ero Gjiohhoto pa3Jio>KeHHH B = {B it j : H j — > i?o,i, 1 ^ J ^ ^) BBinojiHeHO 

(2.1) B kjk = I Hok , l<:k^n. 

Onpe^ejiHM H = KerB. Hcnojib3yH onepaTop B, 3a^;a^;HM CKajinpHoe npoH3Be^eHHe b 
jiHHeHHOM npocTpaHCTBe H/H c noMoinbio paBeHCTBa: 

(x + H ,y + H ) = (Bx,y) , x,y G H. 
OneBH^Ho, hto 3to onpe,nejieHHe KoppeKTHo, Tax xax He 3aBHCHT ot BBi6opa npe^cTaBHTejieii 

KJiaCCOB SKBHBajieHTHOCTH. IlyCTB H — nonOJIHeHHe npOCTpaHCTBa H/Hq OTHOCHTejIBHO BBe- 

^eHHoro cKajinpHoro npoH3Be^eHHH. 

Onpe^ejiHM orpaHHneHHbin jinHeftHbin onepaTop p : H — >■ H paBeHCTBOM 

p(x) = x + H . 

51cho, hto Imp = H/Hq. IIojiojkhm H k = p(H k ) = {z + Hq | z G H k }, 1 ^ k ^ n. TaK KaK 

flJIH npOH3BOJIBHOrO z G H k 

\\ z + Ho\\ — V (Bz, z) = \\z\\ , 
to H k HBjiHeTca no^npocTpaHCTBOM npocTpaHCTBa H. KpoMe Toro, 

Pk = P \n k '- H k ^ H k , l^k^n, 

HBjiaeTCH yHHTapHBiM onepaTopoM. ,ZIajiee, nocKOJiBKy Hi + . . . + H n = p{H) = H/H , to 
Hi + . . . + H n njioTHO b H. 

CncTeMy no^npocTpaHCTB (H; Hi, ... , H n ), nojiyneHHyio b pe3yjibTaTe npHMeHeHHH npHBe- 
^eHHoii BBinie KOHCTpyKi^HH , 6yn;eM o6o3HanaTB Q(H i, . . . , Hq h ; B), a caMy KOHCTpyKi^nio 6y- 
^;eM Ha3BiBaTB G-KOHCTpyKi^neii. 
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2.2. IIpoH3BOJifaHa5i CHCTeMa no/],npocTpaHCTB KaK pe3yjiBTaT G-KOHCTpyKiriiH. 

Onpe/i,ejieHHe 2.1. IlycTB K — riijn>6epTOBo npocTpaHCTBo, S = (K; Ki, . . . , K n ) — CHCTeMa 
ero no^npocTpaHCTB. 06o3HaHHM Qi opTonpoeKTop Ha Ki, 1 ^ i ^ n. OnepaTop G(S) : 
®2 = \Ki — > (B™ =1 Ki, 3a^aHHBiii cbohm Gjiohhbim pa3Jio>K6HHeM G^j = Qi |#.: Kj — > Ki, 1 ^ 
i,j ^ n, Ha3BiBaioT onepaTopoM Tpaivra ciicTeMbi no^npocTpaHCTB S. 

yTBep>K/],eHHe 2.1. ITycmu S = (K; K±, . . . , K n ) — cucmeMa nenyjieeux nodnpocmpaHcme 
2UAb6epmoea npocmpancmea K , npuueM K\ + . . . + K n n/iorrmo e K. Tosda cucmeMa nodnpo- 
cmpaHcme Q[K\i . . • , K n ; G(S)) ynumapno sKeueaAenmna cucmeMe S . 

JJoKasame/ibcmeo. Mb onpe^ejiemia G = G(S) bh^ho, hto G^ = h G*j = Gj t i, 1 ^ i,j ' ^ n. 
IloKa>KeM, hto onepaTop G HeoTpim,aTejieH. CKajiapHoe npoH3Be^eHHe b K o6o3HaHHM (•,•). 
,H,ji5i npoH3BOjiBHBix Xj G Kj, y,i G Ki HMeeM 

{Gi t jXj,yi) (QiXj,yi) (xj,yi). 
Tor,n;a fljia npoH3BOJiBHBix x = (x\, . . . , x n ) G H n y = (y±, . . . , y n ) G H BepHo paBeHCTBo 

n n 

(Gx,y) = (^2x k ,^2y k ). 

k=l k=l 

OTcio^a cjie^yeT, hto G HeoTpimaTejieH , a ero H,zrpo Ker G coctoht H3 BeKTopoB x G H TaKnx, 

hto xi H h x n — 0. 

Onpe^ejiHM onepaTop U : p{H) — > Yli=i Ki paBeHCTBOM 

n 

U{x + H ) = Xk, x = (xi, . . . , x ri ) G H, Xi & Ki, 1 ^ i ^ n. 
k=\ 

3to onpe^ejiemie KoppeKTHo, nocKOJiBKy H = KerG. 
Tax KaK 

n n 

(x + H ,y + H ) = (Gx,y} = (J^^y;), 

i=l i=l 

h cyMMa Kx + • • • + -Kn njioTHa b .fT, to U — JiiiHeftHBift onepaTop, coxpaHaroniHH CKajiapHoe 
npoH3Be^;eHHe, o6pa3 KOToporo njioTeH b K. Cjie^oBaTejiBHO, onepaTop U 6^hhctb6hhbim 06- 
pa30M npo^ojiacaeTca no HenpepBiBHOCTH ^;o yHHTapHoro onepaTopa U : H —¥ K. IIocKOjiBKy 
U(Hi) = Ki ^jih Bcex 1 ^ i ^ n, to yTBep:>K,neHHe ^oKa3aHo. □ 

2.3. KpHTepHH yHHTapHoii SKBHBajieHTHOCTH CHCTeM no/i,npocTpaHCTB nojiyHeHHBix 

B pe3yjIBTaTe G-KOHCTpyKU,HH. 

yTBep>K/],eHHe 2.2. CucmeMu nodnpocmpancme 

£(#0,1, • • - H o,n, B) u g(H' 01 , H' 0n ; B') 

ynumapno sneueaAenmnu mozda u moAbno mozda, nozda cyu^ecmeyem na6op ynumapnux one- 
pamopoe Uq^ '■ H' Qk — > Hq^, I ^ k ^ n, manou, umo 3ah npou360At>nux i,j eunoAneno 
paeencmeo 

(2.2) /;', = U^jUoj. 

Ecau eeecmu ynumapnuu onepamop 

U = dmg(U 0A ,...,U 0in ):H'^H, 
mo cucmeMy paeencme (12. 2p mochcho 3anucamu e eude B' = U*BU. 



JI(oKa3ameJibcmeo. 1. IlycTb cucTeMbi no^npocTpaHCTB 

(H,Hx,..., H n ) = Q(H ,i, H , n ; B) h (H', H[, . . . , H' n ) = G(H i, H' 0n , B') 

yHHTapHo 3KBHBajieHTHL»i. Tor^a cymecTByeT yHHTapHbift onepaTop U : H' — >■ H, TaKoft, hto 
U(H k ) = Hk, 1 < k < n. Onpe^ejiHM yHHTapHbift onepaTop Uk = U \h'- H' k — > Hk- Onpe^ejiHM 
yHHTapHBifi onepaTop Uq^ '■ H' Q k — >■ Hq^ paBeHCTBOM 

Uo,k = ^IPk^kP'k^'k 



Tor^a fljiH Ka>K^;oro 1 ^ k ^ n ^HarpaMMa 



(2-3) 



H 0.k 



Hi 



U „ 



->• H 



Pk 



KOMMyTaTHBHa . 

IIoKa>K6M , hto BBinojiHeHo paBeHCTBo 5- ■ = U^BijUoj, 1 ^ i, j ^ n. B cmiy KOMMyTaTHB- 
hocth ^narpaMMbi f!2.3p , fljia: jiio6oro x a H' Qk BepHo paBeHCTBo 

T k U , k x + H = U k (T' k x + = U(T' k x + 
IlycTB x G y G H-bii Torfla BepHbi paBeHCTBa 

(fl^x, y) = (B'T'jX, T' iy ) = (I> + r& + H' ) 
(B id U ,jX, Uo,iy) = (BTjUojX, TiUo ti y)o = (TjU Qtj x + H Q , IW 0) i2/ + #o), 

cjieflOBaTejibHo {B'^x.y) = {U^BijUojXjy}, to ecTb f?^- = Uq^B^Uq^. 

2. Hao6opoT, nycTb cymecTByeT Ha6op yHHTapHbix onepaTopoB Uqj, : H' Qk — > Hq^, 1 ^ k ^ 

n, TaKoii, hto 5' = U*BU. Onpe^ejiHM onepaTop ?7 : p'{H') — >■ p(i/) paBeHCTBOM 

£7(x + #o) = Ux + H , x G 

3to onpe^ejieHHe KoppeKTHo, Tax kbk C/(KerS') = KerS. 
Z^jih npoH3BOJibHbix x,y £ H' HMeeM: 

(x + ij; y + H' ) = (B'x, y) = (U*BUx, y) = (BUx, Uy) = (Ux + H , Uy + H ). 

TaKHM o6pa30M, U — jiHHefiHbifi onepaTop, coxpaHjnouiHH cKajiaprioe npon3Be,n,eHHe, o6pa3 ko- 
Toporo U(p'(H')) = p(H) njioTeH b H. IIosTOMy cymecTByeT e^HHCTBeHHoe npo^ojiJKeHHe no 
HenpepbiBHOCTH U ro yHHTapHoro onepaTopa U : H' — > H . Hcho, hto rjik Bcex 1 ^ k ^ n, 
U(H' k ) = Hk, TaKHM o6pa30M yTBepac^eHHe ^,OKa3aHo. □ 

2.4. CBa3b cbohctb CHdeMbi no/],npocTpaHCTB Q(Ho,i, . . . , Ho n ; B) co CBoiicTBaMH one- 

paTopa B. IlycTb cncTeMa no^npocTpaHCTB S = (H; Hi, . . . , H n ) = Q(Hq^, . . . , Ho iH ; B). O6o- 
3HanHM Pi opTonpoeKTop Ha Hi, 1 ^ i ^ n. IlycTb G = G(S) — onepaTop TpaMa cncTeMbi S, 
Gij = Pi \ Hj : Hj ->■ H h 1 ^ i,j < n. 

yTBep>K/],eHHe 2.3. Cyii^ecmeyem na6op ynumapnux onepamopoe Uq^ '■ Hf. — > Hq^, 1 ^ k ^ 
n ; maKou, umo G it j = U^BijUoj 1 ^ i, j ^ n. 

JJ,0Ka3ameAbcm60. H3 yTBepacjeHHg |2~!T1 cjieztyeT. hto S yHHTapHo 3KBHBajieHTHa cncTeMe no,n;- 
npocTpaHCTB Q(Hi, . . . , H n ; G). Tenepb H3 VTBepacjeHHg 12721 nojiynaeM Hy>KHoe 



□ 
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YTBepjK^eHHe 12.31 no3BOJiaeT cBH3aTB cBoftcTBa cncTeMBi no/xnpocTpaHCTB S co cBoiicTBaMH 
onepaTopa B. Bo Bcex cjie/xyioiirHx npHMepax nepe3 a, mbi o6o3HanaeM napy pa3jiHHHBix 

HH^eKCOB H3 MHOJKeCTBa {1, 2, . . . , Ti}. 

IIpHMep 2.1. Yc/ioeue opmosonaJibHocmu. IIoixrrpocTpaHCTBa H a h Hp opToroHajibHbi Tor^a 
h tojibko Tor^a, Kor^a P a Pp = 0, hto paBHOCHjiBHO ycjioBHio G a> p = 0, hto, b cbok) onepe/XB, 

paBHOCHJIBHO -B Q)( g = 0. 

IIpHMep 2.2. YcAoeue na yeoA Mewcdy nodnpocmpaHcmeaMU. IlycTb 6q 6 [0, 7r/2). Onpe^ejiHM 
t = cos^o- IIo^npocTpaHCTBa H a ,Hp pacnojioxceHBi ,npyr othochtcjibho Rpyra no/j; yrjioM # 
Tor^a h TOJibKo Tor^a, xor^a 

PotPpPa = To-Pq, PfiPaPfi = T^Pp, 

T.e. 

G a ,pGp^ a = Tq I H a 1 Gp >a G at p = TqIh/3- 

IIocKOJibKy Gij = U^BijUoj, 1 ^ i,j ' ^ n ^Jia HeKOToporo Ha6opa yHHTapHBix onepaTopoB 
Uo,k '■ Hk — > Ho,k, 1 ^ k ^ n, to nocjie/XHee ycjioBHe paBHOCHjiBHO 

B a> pBp a = TqIh 0)OI i Bj3 )(X B a) p = TqIh oj3 - 

IIocjie^HHe ^Ba paBeHCTBa paBHocHjiBHBi yHHTapHocTH onepaTopa B aj p/To. 

IIpHMep 2.3. YcAoeue KOMMymayuu. YcjioBHe P a Pp = PpP a paBHOCHjiBHO ycjioBHio 

PaPp — PaPpPai 
HTO, B CHJiy njIOTHOCTH H\ + . . . + H n B H, paBHOCHJIBHO 

PaPpPi \H = PaPpPaPi \ Hi , 1 ^ % < Tl. 

3to ycjioBHe MoxceT 6bitb nepenncaHo b BHjj;e G a ^Gp^ = G ai pGp a G a> i, 1 ^ % ^ n, hto, b cboio 
onepeiXB, paBHocnjiBHo ycjioBHio 

B a ,pBp^ = B ai pBp ta B at i, 1 ^ z < n. 

3aMeTHM, hto nocjie/XHee paBeHCTBo BBinojiHeHo aBTOMaTHnecKH npn i — a, a npn z = /3 H3 
3Toro paBeHCTBa cne/xyeT, hto -B Qi/ 9 HBjiHeTCH nacTHHHOH H30MeTpHefi. 

2.5. HenpHBOflHMOCTb CHCTeMbi no,a,npocTpaHCTB Q(Ho,x, ■ ■ ■ , Ho, n ; B). IlycTB cncTeMa 
no^npocTpaHCTB S = (H; Hi, ... , H n ) = (/(i/o,i> • • • , Ho, n ] B). 06o3HaHHM Pk opTonpoeKTop Ha 
Hk, 1 ^ k ^ n. 

2.5.1. CnycK onepamopa. IlycTB C : H — > H — jihhchhbih HenpepBiBHBin onepaTop, KOMMy- 
THpyioHi;HH co BceMH Pfc, 1 ^ k ^ u, T.e. jo;jih Bcex 1 ^ k ^ n no^npocTpaHCTBa Hf, h H^ 
HHBapnaHTHBi oTHocHTejiBHo C. JXjik 1 ^ k ^ n onpe^ejiHM onepaTop Ck = C \n k '- — > H^, 
Torjj;a Q = C* \ Hk : H k -)■ Onpe/aejiHM onepaTop C*o,fc : -^o k — ^ -^o paBeHCTBOM 
Go t k — ^kPk~ l GkpkFk- Ha6op onepaTopoB Co^, 1 ^ k ^ n, 6yu,eM Ha3BmaTB cnycxoM onepaTopa 
C. H3 onpejj;ejieHHH Cq^ cjiejj;yeT, hto jj;jih Bcex 1 ^ k ^ n ^narpaMMa 



r 
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"YTBep>K/],eHHe 2.4. JJjui ecex 1 ^ i,j ' ^ n cnpaeedAueo paeencmeo 
(2.4) BijCoj = Co t iBij. 

/joKasamejibcmeo. PaccMOTpnM npon3BOJiBHBie x G H j, y G H 0i . Tor,n;a 

pTjCojx = CjpTjx = CpTjx. 
IlocKOJibKy Cq^ = T*Pi l C*piT h to 

pT.C^y = C;pT iy = C*pT iy . 

Tenept. HMeeM: 

(Bi,jC 0tj x,y) = (BTjCojX^T^o = (pTjC 0tj x, pT iy ) = (CpTjX, pT iy } = 
= (pT j x,C*pT i y) = (pTjXipTiCliy) = (B i}j x, C^) = {C^B id x,y). 
TaKHM o6pa30M, paBeHCTBo ( 12. 4 p ,n;oKa3aHo. □ 
JJflH nocjie^oBaTejibHocTH hh^ckcob I = (i(l),i(2), . . . ,i(k)) onpe^ejiHM onepaTop 

Bi = 5i(i),i(2) • • • -Bj(fc-i),i(fc) : #o,i(fc) — > #o,i(i)- 

Cjie^CTBHe 2.1. fljw npou3eoAt>nou nocAedoeameAbnocmu undencoe I = (i, . . . , j) eunoAneno 
paeencmeo 

2.5.2. IJodneM na6opa onepamopoe. ITycTB Cq± : H k — > i?o,fc) 1 ^ & ^ — Ha6op yHHTap- 
hbix onepaTopoB, npnneM fljia npoH3BOJiBHBix i, j BBinojiHeHo (12. 4p . Onpe^ejiHM yHHTapHBifi 
onepaTop C = diag (C7o,i> . . . , Co,™) : H — > H. H3 paBeHCTB (12. 4p cjie^yeT, hto £> = C*BC. 

Onpe^ejiHM onepaTop C : p(i^) — > p(-f^) paBeHCTBOM 

C(x + # Q ) = Cx + Hq, xeH. 

3to onpe,n;ejieHHe KoppeKTHo, Tax kbk C(Ker.B) = Kerf?. 
JXjis npoH3BOJiBHbix x,y E H HMeeM: 

(x + H ,y + H ) = (Bx, y) = (C*BCx, y) = (BCx, Cy) = (Cx + H , Cy + H ). 

IlocKOJiBKy p(H) njioTHo b H, to C — jiHHefiHBifl onepaTop, coxpaHjnouiHH cKajispHoe npoH3Be- 
^emie, o6pa3 KOToporo C(p(H)) = p(H) njioTeH b H. IIosTOMy C upo^ojiacaeTca e^HHCTBeH- 
hbim o6pa30M (no HenpepBiBHocTPi) ^;o yHHTapHoro onepaTopa (KOTopbm mbi TaK>Ke o6o3Ha- 
hhm C) C : H — >■ H . OnepaTop C Ha3biBaeTcs noflieMOM Ha6opa onepaTopoB Cq±, 1 ^ k ^ n. 
H3 onpe^ejieHHH C cjie^yeT, hto C{Hf.) = , 1 ^ k ^ n. H3 yHnrapHocTH C nojiynnM 
C(H i t) = Ht,l^k^n. 

OneBH^Ho, cnycK onepaTopa C coBna^aeT c HaGopoM Co,k, 1 ^ k ^ n. 

2.5.3. HenpueoduMocmb cucmeMU nodnpocmpancme S . }\jist nocjie^oBaTejiBHocTn hh^ckcob 
(nyra) I = . . . , %{k — l),i(k)) onpe,n;ejiHM nyTB I* = (i(k),i(k — 1), . . . , Hcho, hto 
B\ = Bi*. JXjis a b Y x nyren /, I' Taxnx, hto KOHen, I coBna^aeT c HanajioM I', I = (z(l), . . . , i{k — 
l),i(k)), I' = (i(k),i(k + 1), . . . , i(m)), onpe,n;ejiHM nyTB IV = ■ ■ ■ , i(k — l),i(k),i(k + 
1), . . . ,i(m)). ,H,ajiee a o6o3HanaeT HaTypajiBHoe nncjio, 1 ^ a ^ n. 06o3HannM nepe3 C a 
MHOJKecTBo nyTen I = (a, . . . , a) c HanajioM n kohii;om a. Otmcthm, hto MHoacecTBo onepaTopoB 
Bi, I G C a , 3BjiHeTCH *-MHo>KecTBOM, T.e. ecjiH onepaTop A npnHa^jiejKHT 3TOMy MHoxcecTBy, 
to onepaTop A* TaKxce eMy npHHafljieacnT. 

"YTBep>K/],eHHe 2.5. JJycm'b a manoeo, umo 3ah npou3eoAt>H030 k, 1 ^ k ^ n, cyu^ecmeyem 
nymb I = (a, . . . , k), Bar Komoposo onepamop Bi o6pamuM. Tozda CAedywv^ue ymeepotcdeHua 
aKeuecuienmuu: 

(1) cucmeMa nodnpocmpancme S = (H; Hi, . . . , H n ) nenpueoduMa, 

(2) MHODKecmeo onepamopoe B\, I G C a , nenpueoduMO. 
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JJ,oKa3ameAbcmeo. (1) =>- (2) EIpeflnojioacHM npoTHBHoe. Tor^a cymecTByeT onepaTop Cq m : 

H 0tO[ — > H 0tCt , OTJIHHHL.IH OT Aitf^, A G C, TaKOH, WTO Cq^B[ = BiCq^ AJis BcaKoro ny™ 
/ G C a . IIocKOJiBKy MHOJKecTBO Bi, I G C a , HBjiaeTCH *-MHO>KecTBOM, to onepaTop Co )C , MOJKHO 
BBi6paTB yHHTapHBiM . H3 ycjioBHH yTBepjK^eHHs cjie;xyeT, hto rjis Kaac^oro k cymecTByeT nyTb 
l{k) = (k, . . . , a), fljia KOToporo B^ k ) o6paTHM. Onpe^ejnm onepaTop 

Co,k = Bi(k)Co >a B^ : if ,fc — > H 0tk , 1 ^ k ^ n. 

Otmcthm, hto rjik k = ot onpeflejiemie KoppeKTHO, Tax KaK onepaTopBi Co, a h KOMMyTH- 
pyioT. 

IIoKajKeM, hto C 0t k ymrrapeH. 5Icho, tto C$ k = (B^)~ l CQ a B^ k y TaKHM o6pa30M, C ^ 
o6paTHM, H 

OTKyzja cjie^yeT yHHTapHocTB C 0> fc. 

IIoKa>K6M , hto ^jia npoH3BOJibHBix j C^^Bij = BijCoj. 3to paBeHCTBo paBHocHjiBHo pa- 
BeHCTBy B^Co^B^Bij = BijB^Co^B^, hto paBHocnjibHo 

(2.5) B^B^Co^B^^Bij = B^BijB^Co^B^y 

ITocKOJiBKy nyTB G C a , onepaTop Bt^B^ KOMMyrnpyeT c Co jQ ,. IlocKOJibKy nyTb 

K^Yih j)KJ) ^ £o,a, onepaTop B^BijBi^ KOMMyrapyeT c Co, a - IIosTOMy o6e nacTH paBeHCTBa 
paBHBi CQ^B^yBij , h, TaKHM o6pa30M, paBeHCTBo ( 12. 5 p Beprio. 

IIo^HHMeM ceMbio ymiTapHbix onepaTopoB Cq^, 1 ^ k ^ n, ro yHHTapHoro onepaTopa C : 
H — > if. Tor^a CP^ = -PfcC, 1 ^ k ^ n. IlocKOJibKy cucTeMa no^npocTpaHCTB 5" HenpuBo^iiMa , 
to fljia HeKOToporo A G C C = XI h- IIosTOMy Cq m = XIh 0oi1 nojiynnjiH npoTHBopenne. 

(2) =>- (1) Ilpe^nojiojKHM, jiHHeftHbift HenpepbiBHbift onepaTop C : H — >■ if KOMMyTupyeT 
co BceMH Pfc, 1 ^ ^ n. IlycTb HaGop onepaTopoB Cq^i 1 ^ k ^ n, nojiyneH cnycKOM C. 
IlocKOJibKy Cq^Bi = B[C 0t a rjih BcaKoro I G C a , to cymecTByeT A G C, ^jih KOToporo C 0ia = 
\lH 0a . PaccMOTpiiM npoH3BOJibHoe 1 ^ k ^ n h Bbi6epeM nyTb Z = (a, . . . , k), ^;jih KOToporo 
Bi o6paTHM. IlocKOJibKy C , a Bi = BiC ,k, to Bi(C ,k - Aif/ 0i J = 0, oTKy^a C 0>k = Mh ^- H3 
^OKa3aHHoro cjie^yeT, nro ^Jia x G p(ii) Cx = Xx. H3 njioTHOCTH p(H) b if cjie^yeT, hto 
C = XIh- 3to ^,0Ka3biBaeT HenpnBo^HMocTb cncTeMbi no^npocTpaHCTB S. □ 

3. OriHCAHHE CMCTEM, yflOBJlETBOP5HOLU,HX YCJ10BH5IM (ANG), (COM), (Ort) 

B 3tom pa3^;ejie mm 

(1) nojiynnM onncaHne Bcex cncTeM no^npocTpaHCTB, ya;oBjieTBopaK)ni,HX ycjioBnaM (Aug), 
(Com), (Ort); 

(2) nojiynnM onncaHne Bcex nenpueoduMUx yHHTapHo HesKBHBajieHTHbix chctcm, y^oBjie- 
TBopmon^nx ycjioBHSM (Ang), (Com), (Ort); 

(3) b KanecTBe npHMepa, npnBe^eM onncaHne Bcex HenpnBo^HMbix yHHTapHo HesKBHBa- 
jieHTHbix cncTeM no^npocTpaHCTB, y^oBjieTBoparoirnrx (Ang), (Com), (Ort), b cjiynae 
m = 3 h r = 1. 

CHanajia noKa>KeM, hto 6e3 orpaHHHeHna o6iii;hocth mojkho CHirraTb, hto r^ 12 k} = 7"{i,2fe+i} 
,zi;jrH Bcex 1 ^ k ^ m. 

JleMMa 3.1. Ilycmb M, Mi, M2 — nodnpocmpancmea H. IJpednoJioafcuM, umo eunoAnenu cAe- 
dymmxie ycAoeun: 

(1) nodnpocmpancmea M,Mi pacnojiootcenu dpys omnocumeAbno dpysa nod ysAOM ipi G 
[0,7r/2),i = l,2, 

(2) opmonpoenmopu na nodnpocmpancmea M\,M.2 KOMMymupywm. 
Tozda ecAu (fi ^ ^2, mo nodnpocmpancmea Mi,M 2 opmoeonaAbnu. 
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JJ,oKa3ameAbcmeo. 06o3HaHHM Q, Qi, Q 2 opTonpoeKropti Ha M, Mi, M 2 cooTBeTCTBeHHo. 
Onpe^ejiHM /!& = costpk fljm k = 1,2. HMeeM: 

Q1Q2 — Q1Q2Q1 — -^QiQ2QQ2Qi — 

V-2 

1 n\ fj, 2 

— —Q2Q1QQ1Q2 — —Q2Q1Q2 — —Q1Q21 
^2 ^2 ^2 

OTKy^a Q1Q2 = 0. □ 

HTax, yMeHbiiiHB m (ecjin sto HeoGxo^HMo), mojkho cnirraTb, hto T{ 12 fc} = T/i 2fc+n A^ 13 Bcex 
1 ^ k ^ m. Onpe^ejiHM 



T{i,2k) = r {i,2k+i}, 1 ^ k < m; 
T{i,fc +m+ i}, m + l^k^m + r. 



3.1. OnncaHHe Bcex CHCTeM no/mpocTpaHCTB S = (H; Hi, . . . , if/v+i)? y^OBJieTBopa- 
ioiij,hx ycjiOBHaM (Ang), (Com), (Ort). IIpe>K^;e Bcero c^ejiaeM HecKOJibKo oneBimHMx 
3aMeHaHHfl. 

1. HyjieBaa cncreMa S = (H; 0, . . . , 0) ynoBjieTBopaeT BceM Hy>KHbiM ycjioBmiM. B ^ajibHefi- 
ineM 6yneM paccMaTpuBaTB HeHyjieBbie cncTeMbi no^rnpocTpaHCTB. Otmcthm, hto ecnn cncTeMa 
S = (H; Hi, . . . , .Hjv+i) y^oBjieTBopjieT ycjioBH2M (Ang), h fljia HeKOToporo k no^npocTpaH- 
ctbo Hk = 0, to, KaK jierKo bh^ctb, Hi = . . . = i/jv+i = 0. TaKHM o6pa30M, ecjiH cncTeMa 
HeHyjieBaa, to H^ 7^ 0, 1 ^ k ^ N + 1. 

2. IlycTt S = (H; Hi, ... , i?jv+i) — HeHyneBaa CHcreMa no^npocTpaHCTB, yzjoBjieTBopaioiiias: 
(Ang), (Com), (Ort). ilpe^nojiojKHM, Hi + . . . + i?jv+i H e njioTHo b H. Onpe^ejuuvi chctcmbi 

S' = {H';Hi,...,H N+ i) h 5" = (#e#';0,...,0), 



r fl e #' = H x + . . . + H N+V Tor^a S = S' © 5", 5' y^oBjieTBopaeT (Ang), (Com), (Ort) h 5" 
HBjiaeTCH HyjieBofi chctcmoh. TaKHM o6pa30M, hto6bi onncaTt Bee cncTeMti no^npocTpaHCTB 
y^oBjieTBoparonxHe ycnoBHHM (Ang), (Com), (Ort) ^ocTaTOHHo onncaTb cHcreMBi, fljia KOTopbix 
cyMMa Hi + . . . + f/jv+i njioraa b H. 

3. IIpe^nojioJKHM Tenepb, hto S = (H; Hi, ... , H^ + i) — cncTeMa no^rnpocTpaHCTB, ynoBjie- 
TBopnioiiias: (Ang), (Com), (Ort), Taxaa, hto 7^ 0, 1^A;^A + 1,h cyMMa Hi + . . . + H^+i 
njioraa b H. IlycTb G = {Gij, 1 ^ i,j ^ N + 1) — onepaTop Tpaivia cncTeMbi 5*. Tor^a S 
yHHTapHo 3KBHBaji6HTHa cHCTeMe Q{Hi, . . . , Hn+i] G). IlocKOJibKy Hi, Hk pacnojio>KeHbi ^pyr 
OTHOCHT6JIBHO APyra noA yrjioM #{i,fc}, to onepaTop Gi,fc/ r {i,fe} yHHTapHbifi. Onpe^ejiHM yHH- 
TapHbie onepaTopbi f/ ,fc : Hi — > H^, 1 ^ k ^ N + 1, cpopMyjiaMH 

U 0) i = I Hl , U 0;k = GlJr {m , 2^k<:N + l 

IIojiojkhm Bij = U^GijUoj, 1 ^ i, j ^ N + 1, Tor^a Bi^ = r^i^I Hl , 2 ^ k ^ A + l. Onpe^e- 
jihm onepaTop B : (B^iHi — > (B^iHi Gjiohhbim pa3Jio>KeHHeM B = (Bij). H3 yTBepac^eHna 
12.21 cjie^yeT, hto Q(H±, . . . , H^+i, G) yHHTapHo 3KBHBaji6HTHa Q(Hi, . . . , Hi; B), a nosTOMy S 

yHHTapHO 3KBHBajI6HTHa Q{Hi, . . . , Hi, B). 

IlycTb Tenept S = (H; Hi, . . . , H^+i) = Q{Hq, . . . ,Hq;B) ^jih HeKOToporo rnjib6epTO- 
Ba npocTpaHCTBa H n onepaTopa B : ® h ^Ho — > ®^^Hq Taxoro, hto Bi^ = t^i^Ihq, 
2 ^ k ^ N + 1. Bbihchhm, KaKHM ycjioBnsiM ,n;oji>KeH y^oBjieTBopHTb onepaTop B, hto6bi 
cncTeMa no^npocTpaHCTB S y^oBjieTBopajia (Ang), (Com), (Ort). JXjik 3Toro Bocnojit3yeMca 
pe3yjitTaTaMH pa3,n;ejia 12.41 

YcjioBHe (Ang) paBHocnjitHo yHHTapHocTH onepaTopoB Bi^/t^i^, 2 ^ k ^ A + l. IlocKOJib- 
Ky Bi k = tu .k}lH ) 3TO ycjioBne BbinojiHeHo. 

YcjiOBne (Ort) paBHOcnjibHO B^j = ^Jia Bcex nap pa3JiHHHbix i,j, Taxnx, hto {i,j} ^ 
E U .EL . 
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PaCCMOTpHM yCJIOBHe (Com). YcjIOBIie P 2k P 2k +l — Pik+l^ki 1 ^ k ^ 771, paBHOCHJIBHO 
(3.1) B 2k2k+ iB 2k+1 j = B 2k2k+ iB 2k+ i 2k B 2k)i 1 ^ 1 ^ N + 1. 

IlpH i = 1 HMeeM paBeHCTBo r k B 2k ,2k+i = r k B 2kj2k+ iB 2k+lj2k , T.e. B 2k ,2k+i ~ opTonpoeKTop. 
IlpH i = 2k paBeHCTBo ( 13. ip BBinojiHeHo aBTOMaraHecKH. 

IlpH i = 2k + 1 HMeeM B 2k;2k+1 = B 2ki2k+1 B 2k+ i :2k B 2kj2k+1 . 3to ycjioBue BBino jihcho , no- 
CKOJiBKy B 2kj2k+ i — opTonpoeKTop. 

IlpH i 7^ 1, 2/c, 2/c + 1 o6e nacTH paBeHCTBa (13. ip paBHBi 0, cjie^oBaTejiBHo, oho BBinojiHeHo. 
TaKHM o6pa30M, onepaTop B HMeeT bh# 

• 

ni Qi i ... o 



/ I 

m 



B 



rj tJ 

I Qi 



r m I 

T m .I 














I 



Q r 



T m+ il 






Qm 

I 





o 
o 




/ 







m+r 













1 ) 



\T m+r I 

fljia HexoToporo Ha6opa opTonpoeKTopoB Q k , 1 ^ k ^ m, b ^ajibHeflnieM 6yneM o6o3HaHaTB 
ero B(Q 1 , . . .,Q m ). 

HeoTpnijaTejiBHocTB onepaTopa B(Qi, . . . , Q m ), r^e Q k — HeKOTopBifi Ha6op opTonpoeKTo- 
poB b rnjiB6epTOBOM npocTpaHCTBe H , aBjiaeTca HeoGxo^HMBiM ycjioBneM Toro, hto fljiH r&h- 
Horo Ha6opa opTonpoeKTopoB mojkho npuMeHHTB G-KOHCTpyKirnio. /Jjih ireyHeHHH Bonpoca, 
Kor^a onepaTop Taxoro burs. HeoTpnn;aTejieH, HaM noHa^oGnTBCH cjie^yiomaH jieMMa. 

JleMMa 3.2. Tlycmb K — suAb6epmoeo npocmpaHcmeo, Ai, . . . , A n — Heompuyame/ibHue 06- 
pamuMue onepamopu e K . Ilycmb y £ K u fi k > 0, 1 ^ k ^ n. Ecau u k £ K , 1 ^ k ^ n, u 
Y2=i ^kU k = y, mo 



3=1 



y,y 



k=l 



npuueM paeencmeo docmmaemcH mosda u mojibKo moeda, nozda 

n 

u k = fi k A^(J2 ^? A 7 W ±^k^n. 
i=i 

JJoKasameAbcmeo. 06o3HaHHM F(u±, . . . , u n ) = Y^k=i(A k u k , u k ). PaccMOTpHM 

n 

F(ui + hi, . . . ,u n + h n ) - F(u u ...,u n ) = ^2((A k u k , h k ) + (A k h k , u k ) + (A k h k , h k )). 

k=l 

ECJIH Mi, ... , U n G K TaKOBBI, HTO 

n 

(3.2) 2^ ^ kUk = ^\ lA l U l = ■ ■ ■ = fl^AnUn, 

k=l 

TO flJIH npOH3BOJIBHBIX hi, . . . , h n G K, TaKHX, HTO X]fc=l ^khk = 0, HMeeM 

n n 

s ^(A k u k ,h k ) = y^^l 1 A k u k , {i k h k ) = 0, 



k=i 



k=l 



s ^{A k h k ,u k ) = ^2(jj, k hk, fi^AkUk) = 0, 



fc=i 



fc=i 
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h, cjieflOBaTejibHo, 

n 

F{u x +h 1 ,...,u n + h n ) - F(m, ...,u n ) = ^2(A k h k , h k ). 

k=l 

OTcio^a F(ui + hi, . . . , u n + h n ) ^ F(ui, . . . ,u n ) h paBeHCTBo jjpcTuraeTca: Tor^a h tojib- 
ko Tor,n;a, Kor,n;a hi = . . . — h n — 0, T.e. F(vi, . . . ,v n ) ^ F(ui, . . . ,u n ) rjih d:poh3bojibhbix 
Vi,...,v n G -ft', TaKHX, hto Y^!k=i l^kVk = Ui h paBeHCTBo ^ocTHraeTCH Torjj;a h tojibko Tor^a, 
Kor^a ffc = u k pjiK Bcex 1 ^ k ^ n. 

Hafi^eM ui,...,u n , y^oBjieTBopaiomHe (13. 2p . IlycTB [i^} AkU k = x, 1 ^ k ^ n. Torjj,a 
u k = likA~ k x x. HMeeM: Y2=\^u k = J2k=il4 A k lx = Vi oTKy^a x = (ELi l4 A k W Ta " 
khm o6pa30M, u k = ^kAl 1 {YJj=il j2 j A ] 1 ) l y^ 1 ^ k ^ n ' H 

n / n n \ n 

fc=i \ i=i i=i / i=i 

□ 

ripe^Bi^ymaH jieMMa no3BOJi5ieT ,iK)Ka3aTB cjie/xyiornee yTBepjK^eHHe. 
yTBep>K,zi,eHHe 3.1. ITycmb 

m+r 
k=l 

Onepamop B = B(Qi, . . . , Q m ) Heompuv^ameAen moeda u mo/ibno mosda, Kosda 

m 

(3.3) 5> fc 2 i4 < £(t)I, 

k=i 

dde Rk = I — Qk, 1 ^ k ^ m. 

/JoKasame/ibcmeo. 3annineM ycjioBHe HeoTpnijaTejiBHocTH 

(5s, x) > 0, x = (z, xi, y x , . . . , x m , y m , f i, . . . , if r ) G ©f^i^o- 

OGosHaHHM 

z = z (xi,yi, . . . ,x m ,y m ,vi, . . . ,v r ) = ) j T k {x k + Vk) + / J n+mVk, 

k=l k=l 

III 

B = B Q (xi,yi, . . . , x m , y m ) = (\\x k \\ 2 + |M| 2 + 2Re ( Q k x k , Uk )) , 

k=l 

Tor^a HMeeM ycjioBHe: 

r 

(Bx,x) = \\z\\ 2 + 2Re(z,z ) + B + ^2\\v k \\ 2 ^ 0. 

k=l 

3tO yCJIOBHe SKBHBajieHTHO yCJIOBHIO 

r 

\\z + z \\ 2 - IN) 2 + B + J2 \\ v k\\ 2 > 0- 

k=l 

JleBaa nacTB 3Toro HepaBeHCTBa /jpcTuraeT HaiiMeHBHiero 3HaHeHH5i no z npii z = —z . TaKHM 
o6pa30M, onepaTop B HeoTpim,aTejieH Tor^a h tojibko Torjj;a, Korjj;a 

r 

(3.4) - ||z || 2 + J B + ^K|| 2 ^0. 

k=l 
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IlycTb 

(3-5) z k = — - — , d k = — - , 

Tor^a x k = z k + 5 k h y k = z k - 5 k . Hcho, hto 

m r 

(3.6) zq = 2 22 T k z k + E 

k=l k=l 

KpoMe toto, 

(3.7) \\x k \\ 2 + \\y k \\ 2 + 2Re(Q k Xk,y k ) = \\R k x k \\ 2 + \\R k y k \\ 2 + \\Q k (x k + y k )\\ 2 

= 2\\R k z k \\ 2 + 2\\R k 5 k \\ 2 + A\\Q k z k \\ 2 = ((21 + 2Q k )z k , z k ) + 2||i? fc 4|| 2 . 
Hcnoji£>3y2 paBeHCTBa ( 13. 6p . ( 13. 7p . nepennnieM (13. 4p b BHJTe 

m r m r m 

(2(/ + Qk)zk, ^ > + E kii 2 - 112 E nzk + E r fc+™^n 2 + 2 E w r m 2 > o. 

fe=l k=l k=l k=l k=l 

IIojiyHeHHoe HepaBeHCTBo BBinojiHeHo fljia Bcex z\, . . . , z m , 5\, . . . , 5 m , Vx, . . . , v r , Tor^a h tojibko 
Tor^a, Kor^a HepaBeHCTBo 

m r m r 

(3.8) £<2(/ + g fc ) ^fc, Zk ) + e n^feii 2 ^ 112 + e T k+m v k \\ 2 . 

k=l k=l k=l k=l 

BBinojmeHO fljia Bcex Zi, . . . ,z m , v i, . . . , v r . 

3a<pHKcnpyeM 2 J2T=i T k z k + J2l=i T k+m v k = P o6o3HanHM 

h(I + Q k ), l^k^m (2r k , l^k^m 

A k = < jJL k = \ 

\I, m + l^k^m + r, ' " \r k} m+l^k^m+r 

H3 jieMMBi 13721 cjiejveT. hto HanMeHBuiee sHaneHne jieBofl lac™ ( 13 .8p (rrpn cpuKcupoBaHHOM ?/) 
paBHo ( (^2™=! lAi-^k y )• TaKHM o6pa30M, onepaTop B HeoTpnijaTejieH Tor^a h tojibko 
Torjo;a, Korjj;a 

(m+r \ — ^ m+r 

fc=i / fc=i 

nOCKOJIBKy (2(7 + Qk))- 1 = j(I + iZfc), TO 



m+r m _ m+r m+r m 

E^ 2 a" = E 4 ^i( / +^) + E # = E#+E#* 

k=l k=l fc=m+l fc=l fc=l 

IIosTOMy ( 13. 9 p mojkho nepenncaTB b BH^e 

m+r m m / m+r \ 

E^ 2/ +E^< J > T - e - !-E^ 2 ) L 

k=l k=l k=l \ k=l J 



□ 



Cjie,zryioiu;ee yTBep:>K,n;eHHe ja;aeT onucaHiie Ker B h cjie^yeT H3 jj,oKa3aTejiBCTBa yTBepjK^eHHH 
13.11 m JieMMBi [3T2l HanoMHHM, hto z k ,5 k , 1 ^ k ^ m, onpejj;ejieHBi (popMyjiaMH (13. 5p . 

YTBep>K/],eHHe 3.2. Ilycmb eunoAueno (13. 3p . SjieMenm x = (z, xx, yi, ■ ■ ■ , x m , y m , v 1, . . . , v r ) 

npunadjiecHcum Ker B modda u mo/ibKO mosda, Kosda 

(!) 2 = -( 2 E™=i r fc^ + ELi T k+m v k)i 

(2) 5fc G ImQfc = Keri?fe d/isi ecex 1 ^ k ^ m; 
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(3) z k = \r k (I + R k )y, 1 ^ k ^ m, u v k = r k+m y, 1 ^ k < r, zde y G Ker(^(r)J - 
Cjie/],CTBHe 3.1. Tlycmb eunojmeHO ( 13. 3 p u i?o KoncHnoMcpno. Tosda 

m m 

(3.10) dimKerfi = ^dimImQ fe + dimKer(^r)/ - J^t^R*). 

k=l k=l 

KpnrepHH yHHTapHOH 3KBHBajieHTHocTH (yTBepjK^eHHe 12. 2j) ^jih paccMaTpHBaeMBix CHCTeM 
mojkho ccpopMyjinpoBaTB b TepMHHax opTonpoeKTopoB Qi, . . . , Q m . 

yTBep>K/],eHHe 3.3. CucmeMu nodnpocmpaHcme 

g(H Q ,...,H ;B(Q h ...,Q m )) u g(H' , . . . , H' ; B(Q[, . . . , Q'J) 

ynumapno sKeueaJicnmnu mozda u mojihno mozda, Kozda na6opu opmonpoenmopoe Q k , 1 ^ 
k ^ m, u Q' k , 1 ^ k ^ m, ynumapno sneueaAenmnu; 

TaKHM o6pa30M, iicnojiB3ya G-KOHCTpyKHHio CHCTeM no^npocTpaHCTB, Mbi ycTaHOBHjiH B3a- 
hmho o^H03HaHHoe cooTBeTCTBiie Me>Kfly HeHyjieBBiMH cHCTeMaMH no^npocTpaHCTB S, ynoBjie- 
tbophiohihmh (Ang), (Com), (Ort), teikhmh, hto Hi + . . . + Hn+i njioTHo b H, h Ha6opaMH m 
opTonpoeKTopoB Ri, . . . , R m b HexoTopoM rHjiB6epTOBOM npocTpaHCTBe H , yflOBjieTBopaiorixH- 
mh HepaBeHCTBy ( 13. 3 p (npn stom chctcmbi no^npocTpaHCTB h Ha6opBi onepaTopoB paccMaTpn- 

BaiOTCH C TOHHOCTBK) yHHTapHOH 3KBHBajI6HTHOCTn) . 

OTMeTHM, HTO Heo6xO^HMBIM yCJIOBHeM BBIIIOJIH6HH5I ( 13. 3 P HBJIHeTCS £(r) ^ 0. IlOSTOMy eCJIH 

£(r) < 0, to He cymecTByeT HeHyjieBoft chctcmbi no^npocTpaHCTB S, y^oBjieTBopaiomefl (Ang), 
(Com), (Ort). B ^ajiBHeflrneM mbi npe^nojiaraeM, hto £(t) ^ 0. 

3.2. OnncaHHe Bcex HenpHBO^HMbix yHHTapHO HesKBHBajieHTHwx CHCTeM S, yA°- 
BJieTBopaioiij,Hx (Ang), (Com), (Ort). Hepe,n TeM xax nepeflra k onncaHHio Bcex Henpn- 

BO^HMBIX CHCTeM nO^HipOCTpaHCTB, OTMeTHM, HTO 

• c tohhoctbk) ^o yHHTapHofi 3KBHBajieHTHocTH cyrnecTByeT e^HHCTBeHHan HyjieBaa Henpn- 
BOflHMaa cHCTeMa no^npocTpaHCTB S = (C 1 ; 0, . . . , 0); 

• fljiH jiioGoh HeHyjieBofl HenpHBo^HMoii CHCTeMBi no^npocTpaHCTB S = (H; Hi, ... , -f/jv+i) 
Hi + . . . + Hn + i njioTHo b H. 

KpoMe toto, KpHTepHH HenpHBO^HMOCTH (yTBepac^eHHe 12 .5 j) paccMaTpHBaeMBix chctcm b Tep- 
MHHax opTonpoeKTopoB Qi, . . . , Q m mojkct 6bitb ccpopMyjinpoBaH b cjie^yioHi;eM bh^c 

"yTBep«:/],eHHe 3.4. CucmeMa nodnpocmpaHcme Q(Hq, . . . , Hq\ B(Qi, . . . , Q m )) nenpueoduMa 
mosda u moAbno mozda, nozda na6op opmonpoenmopoe Q k , 1 ^ k ^ m, nenpueoduM. 

IloSTOMy C TOHHOCTBK) ^O yHHTapHOH SKBHBajieHTHOCTH BCe HeHyjieBBie HenpHBO^HMBie CH- 
CTeMBi no^npocTpaHCTB, y^oBjieTBopaioHi;He ycjiOBHHM (Ang), (Com), (Ort) hmciot bh^i; S = 
Q(H , . . . , H ; B(Qi, . . . , Q m )), rp<e H — rnjiBGepTOBo npocTpaHCTBo, Qi, . . . , Q m — HenpHBo- 
pMaa ceMBH opTonpoeKTopoB b Hq, Taxaa, hto ^,jih opTonpoeKTopoB R k = I — Q k , 1 ^ k ^ m, 
BBinojiHeHo HepaBeHCTBo 03. 3p . 

YHHTBiBan, hto CHCTeMBi S h S' yHHTapHO sKBHBajieHTHBi Tor^a h tojibko Tor^a, Kor^a 
yHHTapHO sKBHBajieHTHBi Ha6opBi opTonpoeKTopoB Qi, . . . , Q m h Q[, . . . , Q' m , 3a^ana onnca- 
hhh Bcex HenpHBo^HMBix yHHTapHO HesKBHBajieHTHBix HeHyjieBBix CHCTeM no^npocTpaHCTB S, 
y^oBjieTBopaioHi;Hx (Ang), (Com), (Ort), 3KBHBajieHTHa 3a^;aHe 06 onncaHHH HenpHBo^HMBix 
yHHTapHO HesKBHBajieHTHBix Ha6opoB opTonpoeKTopoB Ri, . . . , R m , y^;oBjieTBopHiom;HX (13. 3p . 

Ecjih ^(r) = 0, to Ri = ... = R m = 0, T.e Qi = . . . = Q m = I. IlocKOJiBKy Ha6op 
Ri, . . . , R m HenpHBo^HM, to Hq = C 1 . HcnojiB3y5i cpopMyjiy fl3.10p . nojiynHM dimKerS = 
m + 1 . Henocpe^cTBeHHO H3 onpe^ejieHHH G-KOHCTpyKii,HH chctcmbi no^npocTpaHCTB cjie^yeT, 
hto dimi7 = (N + 1) — (m + 1) = m + r, dimH k = dimH = 1 ^;jih Bcex 1 ^ k ^ N + 1. 
IlosTOMy o6o6m;eHHaH pa3MepHOCTB chctcmbi S paBHa (m + r; 1). 
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PaccMOTpHM cjiynaH £(r) > 0. 

MHOJKeCTBO HH^eKCOB M = {1,2,. 

M l = {keM\r 2 k <i(r)}, M e 




£(r)}, M g = {keM\rl>i{r)}. 



Be3 orpaHHHeHHH o6ihhocth, 6yn;eM cHHraTB, hto fljia: jho6bix ki G M/, &; 2 G M e h fc 3 e M g , 
BbinojiHeHM HepaBeHCTBa k% < k 2 < k 3 . 

ECJIH % G M g , TO, OHeBHJXHO, i?j = 0. 

ECJIH Z G M e , TO -Rj-Rj = flJIH BCeX j i. IIoCKOJIBKy Ha6op Ri, . . . , R m HenpHBO/XHM, TO 
Ri = HJIH i?j = I. EcjTH _Rj = /, TO Rj = flJTH Bcex j 7^ z. 

IIpe^nojioJKHM, fljia HexoToporo 2 G M e i?j = I n Rj = 0, j ^ i. H3 HenpHBO^HMOCTH Ha6opa 
Ri,...,R m cne/xyeT, hto ifo = C 1 . HcnojiB3yH paBeHCTBo (I3.10p . nojiynHM dim Kerf? = m. 
IlosTOMy dim H = (N + 1) — m = m + r + 1, dim = 1 fljia Bcex 1 ^ k ^ N + 1. IIosTOMy 
o6o6io;eHHa2 pa3MepHocTB chctcmbi 5 paBHa (m + r + 1; 1). 

TaKHM o6pa30M, mbi nojiynHjiH |M e | HenpHBo^HMBix yHHTapHo He3KBHBajieHTHBix HeHyjie- 
bbix cHCTeM no^npocTpaHCTB S, y^oBjieTBopaiomnx (Ang), (Com), (Ort), cooTBeTCTByrouiHx 
9jieMeHTaM i e M e . OcTajiocB paccMOTpeTB cjrynaH, Korjra Ri = .zyia Bcex i e M e . Tor^a (13. 3 p 
mojkho nepenncaTB b BHjj;e 



PaccMOTpHM cjie^yioiri;He BapnaHTBi fljis \M{\. 

1. IlycTb I M;| ^ 3. Xopoino H3BecTHo, hto 3a,a;aHa onncaHHH c tohhoctbio jj,o ymrrapHOH sk- 
BHBajieHTHocTH HenpHBOjjHMOH ti-kh opTonpoeKTopoB npn n ^ 3 He MeHee cjio>KHa, hgm 3aflana 
ormcaHHH c tohhoctbio jj;o yHHTapHoli 3KBHBajieHTHocTH HenpHBOJXHMoft napti orpaHiiieHHBix 
caMoconpji>KeHHBix onepaTopoB, T.e HBjiaeTca *-jxhkoh (cm., HanpiiMep, [5]). A- 113 HCCJieflOBaHHa 
HepaBeHCTBa (13. lip HaM noHafloGHTBca « ycHjieHHBiii » BapnaHT yTBepjK^eHHa o *-jxhkocth. 

JleMMa 3.3. J^jih ak>6ozo e > 3adaua ouucxihuh nenpueoduMux mpoen opmonpoenmopoe R\, 
R 2 , R 3 c moHHOcmbto do ymimapHou aKeueaJieHrrmocmu, ydoeAemeopsimu^ux ycAoeum 



tteAfiemctt *-duKou 3adaueu. 

J^oKaaameAbcmeo. IlycTB rHjib6epTOBo npocTpaHCTBo L = l 2 . Onpe^ejiHM K = L@L@L. J\jik 
Tpex onepaTopoB -81,2, £1,3, -82,3 b L onpe^ejiHM TpoliKy no^npocTpaHCTB K 

K x = {(x, 0,0) I x E L}, K 2 = {(B 1>2 x, x, 0) | x e L}, K 3 = {(B 1>3 x, B 2>3 x, x) \ x E L). 

IlycTB Ri — opTonpoeKTop Ha Ki, % = 1, 2, 3. Ecjih ||Si j2 ||, || -Bi,3 || , ||-B 2i 3|| —> 0, to ||i?i+i? 2 +-R3 — 
^|| - y (sto cjie^yeT H3 cpopMyji fljia Ri, npHBe^eHHBix b [6], jieMMa 3). IIosTOMy cymecTByeT 
a > 0, Taxoe, hto ecjin hopmbi ||5 1)2 ||, ||5i )3 ||, H-E^H He SojiBHie 2a, to Ri + R 2 + R 3 ^ (1+e)Ik- 
^jih napbi caMoconpHJKeHHBix onepaTopoB A, B : L — > L c HopMaMH \\A\\ ^ an ||5|| ^ a 
onpe^ejiHM B\ 2 = all, B 2 3 = cx.Il, Bi 3 = A + iB. IIpoBepHM cnpaBe^jiHBOCTB cjie^,yioH];HX 
yTBepjK^eHHfi: 

1. Ecjih napa {A, B} HenpHBo^HMa, to TpofiKa opTonpoeKTopoB {Ri, R 2 , R3} HenpHBo^HMa. 
,H,eHCTBHTejiBHo, npe^nojiojKHM npoTHBHoe. Tor^a cymecTByeT yHHTapHBifi onepaTop U : K — 
K, oTjiHHHBiii ot XIr, |A| = 1, TaKoli, hto UR4 = RiU, i = 1,2,3. H3 TeopeMBi 2 pa6oTBi [6j 
cjieflyeT, hto U = diag (Ui, U 2 , U3), r^e yHHTapHBie onepaTopBi Ui : L — )■ L y^oBjieTBopnioT h 
UjBj k = Bj tJJk npn j < k. no^cTaBjiaH (j,k) = (1,2) HMeeM U\ = U 2 . IIo^cTaBjiss (J, k) = 
(2,3) HMeeM U 2 = U%. H3 paBeHCTBa UiBi 3 = B13U3 nojiynaeM: UiA = AU\ h XJ\B = BU\. 
IlosTOMy U\ = XI l, |A| = 1, a Tor^a U = XI k- IIojiyHHjiH npoTHBopenHe. 

2. Ecjih napbi {A, B} h {A', B'} yHHTapHo HesKBHBajieHTHBi, to nocTpoeHHBie no hhm Tpoft- 

KH OpTOnpoeKTOpOB {Ri, R 2 , R 3 } H {R[, R 2 , R' 3 } yHHTapHO HeSKBHBajieHTHBI. ^eftCTBHTejIBHO, 

npe^nojio>KHM npoTHBHoe. Torjj;a cymecTByeT yHHTapHBifl onepaTop U : K — > K, TaKoft, hto 





Ri + R 2 + R 3 ^ (1 + e)I 
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URi = R'jU, i = 1,2,3. Mb TeopeMBi 2 pa6oTt.i |H] cjie,zryeT, hto U = diag (Ui, U 2 , U 3 ), rp<e 
yHHTapHbie onepaTopbi U : L — > L yzjoBjieTBopaioT UjBj^ = B'- k Uk pjik Bcex j < k. IIo^cTa- 
bhb (j,k) = (1,2) HMeeM U\ = U 2 . IIoflCTaBHB (j,k) = (2,3) HMeeM Ui = U%. H3 paBeHCTBa 
^1^1,3 = B[ 3L/3 HMeeM U±AUl = A' n UiBU* = B'. IIojiyHHjiH npoTHBopenne . 

HraK, HanajiBHaa 3a,n;aHa co^epacHT «6e3Ha^e>KHyio» 3a,n;aHy onHcaHHs: HenpiiBo^HMBix ymi- 
TapHo HesKBiiBajieHTHBix nap caMoconpa>KeHHbix onepaTopoB A,B b npocTpaHCTBe L = l 2 , a 
noTOMy h caMa «6e3Ha^e>KHa». □ 

IIocKojiBKy IMA ^ 3, to 1, 2, 3 G Mi. 06o3HanHM r max = maxiri, r 2 , T3} h nycTb e = — 

1 max 

1 > 0. IlycTB i?^ = npn k G Mi, k ^ 4. J\jih jhoGbix Tpex npoeKTopoB R 1 , R 2 , -R3, TaKHX, hto 

R 1 + R 2 + R 3 ^(l + e)I 

nojiy^HM 

Tf-Ri + r\R 2 + r 3 2 tf 3 < r 2 .^ + R 2 + R 3 ) < £(r)J. 

TaKiiM o6pa30M, b cjiynae |M;| ^3 3a^aHa onncaHHH HenpnBo^HMBix yHHTapHo HesKBHBajieHT- 
hbix Ha6opoB opTonpoeKTopoB Ri,...,R m , y^oBjieTBopHrorrrHX (13. lip . co^ep>KHT no^saflany, 
KOTopaa, Kax mbi noKa3ajiH b npe^Bi^yinen jieMMe, «6e3Ha^e>KHa», cjie^oBaTejibHo h caMa 3a- 
^ana «6e3Ha^e>KHa». 

2. IlycTB Mi = 0. Tor,n;a Ri = . . . = R m = 0, T.e. Q x = . . . = Q m = I. IIocKojiBKy Ha6op 
Ri,...,R m HenpiiBCflUM, H = C 1 . HcnojiB3ya: paBeHCTBo (I3.10p . nojiynHM dimKer I? = m. 
Tor^a dim H = (N + 1) — m = m + r + 1; dim = 1 ^jih Bcex 1 ^ k ^ N + 1. TaKHM o6pa30M, 
o6o6in,eHHa3 pa3MepHocTB chctcmbi S paBHa (m + r + 1; 1). 

3. IlycTB \Mi\ = 1. Tor^,a (13. lip npHHHMaeT bh,h r 2 i?i ^ ^i^)!- IIocKojiBKy r 2 < £(r), 
3to HepaBeHCTBo BBinojmeHo ,hjih jiio6oro opTonpoeKTopa i?i . IIocKOJibKy Ha6op Ri , . . . , _R m 
HenpuBQUHM h i?2 = • • • = -R m = 0, to Hq = C 1 n jih6o i?i = 0, jih6o Ri = I. 

B cjiynae R\ — HMeeM Qi = ... = Q m = /. HcnojiB3y2 paBeHCTBo (I3.10p . nojiy^HM 
dim Ker B = m. Tor^a dim H = (N + 1) — m — m+r + 1, dim = 1 rjik Bcex 1 ^ k ^ N + 1. 
IIosTOMy oGoGmeHHaa pa3MepHocTb chctcmbi S 1 paBHa (m + r + 1; 1). 

B cjiynae R\ = I, R 2 = . . . = R m = 0, HMeeM Qi = 0, Q 2 — ■ ■ ■ — Q m — I- HcnojiB3ya 
paBeHCTBo (13.1 Op . nojivHHM dimKer B = m — 1. IIoaTOMy dim/f = (JV+1) — (m— 1) = m+r + 2, 
dimiffc = 1 npn Bcex 1 ^ A; ^ iV+1. 06o6meHHa5i pa3MepHocTB chctcmbi S paBHa (m+r+2; 1). 

4. IlycTB | Mi | = 2. B stom cjiynae HepaBeHCTBo (13. lip 6yn;eT 3anHcaHo Kax 

(3.12) t^R, + r\R 2 ^ i(r)I. 

Xopoino H3BecTHo cjie^yiomee onncaHHe Bcex (He o6a3aTejiBHo yflOBjieTBopHiomHx (I3.12p ) 
HenpHBO^HMBix nap opTonpoeKTopoB R\,R 2 b rHjib6epTOBOM npocTpaHCTBe Hq c tohhoctbio 
flo yHHTapHoli SKBHBajieHTHOCTH (cm., HanpHMep, [3j). Bee TaKHe napbi opTonpoeKTopoB mojkho 
pa3^;ejiHTB Ha 

(1) neTBipe HenpHBO^HMBix napbi opTonpoeKTopoB b Hq = C 1 : 

7T o : R\ = 0, R 2 = 0; ir 01 : R 1 = Q,R 2 = I; 
ttio : Ri = I,R 2 = 0; 7Tn : R x = I,R 2 = I; 

(2) ceMeiicTBO nap tt^, if G (0, vr/2) b Hq = C 2 : 

1 0\ jd ( cos2 V 9 cos V 9 s i n V 



(3.13) ^1 = n n , ^2 = ■ r 2 

V U U I \ cos sin sin y3 

H3 3thx nap HaM Hy>KHo BBi6paTB Te, fljiH KOTopbix BBinojmeHo HepaBeHCTBo (I3.12p . Pac- 
cmotphm cjie^;yiom;He BapnaHTBi. 

4.1. B cjiynae H = C 1 , Ri = R 2 = HepaBeHCTBo ( I3.12p BBino jmeHo , o6o6m;eHHaH pa3Mep- 
hoctb cHCTeMBi S paBHa (m + r + 1; 1), Tax kbk dimKer B = m. 
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4.2. Ecjih H = C 1 , R\ = I ii R 2 — hjih i?! = h R 2 = I, to HepaBeHCTBo (I3.12p BBinojmeHo 
h oGoGmeHHaa pa3MepHocTB chctcmbi S paBHa (m + r + 2; 1), Tax xax dim Kerf? = m — 1 

4.3. IlycTB Hq = C 1 , R± = R 2 = I. HepaBeHCTBo A3. 12[) BBinojiHeHo Tor^a h tojibko Tor^a, 
Kor^a £(t) ^ rf + r|. B 3tom cjiynae o6o6m;eHHaii pa3MepHocTB S paBHa 

(1) (m + r + 2; 1) ecjin £(r) = r 2 + r|, Tax xax dimKerB = m — 1; 

(2) (m + r + 3; 1) ecjni £(r) > r 2 + r|, Tax xax dimKerS = m — 2. 

4.4. PaccMOTpHM cHTyaunio, Kor^a H = C 2 h opTonpoeKTopBi Ri,R 2 3a,n;aHBi cpopMyjiaMH 
f)3.13p . 09 G (0, 7r/2). HepaBeHCTBo ( I3.12p BBinojiHeHo Tor^a h tojibko Tor^a, xor^a (2 x 2)- 
MaTpHij,a (onepaTop) 

M = i{r)I- t\R x - r\R 2 = ^ (r) " ^ " T " ^ * COS f sin / 

sv 1 1 2 y -r 2 2 coso9smo9 £(r) - r 2 siir <£> 

HeoTpHn;aTejiBHo onpe^ejieHa. 3to paBHocnjibHo TOMy, hto jxnaroHajiBHBie sjieMeHTBi h onpe- 
^ejiHTejib MaTpHHBi M HeoTpnuaTe jibhbi . 3jieMeHT (M)^ ^ Tor^a h tojibko Torjj;a, Korjj;a 

2 ^ fa) ~ Tl 
COS 09 < 5 . 

T 2 

3jieMeHT (M)2,a > npH jiio6om 09. JlerKO npoBepiiTB , hto onpe^ejiHTejiB 

det M = (£(t) - t 2 )(£(t) - r|) - t 2 t 2 cos 2 09. 

rio3TOMy ycjioBiie det M ^ mojkho nepeniicaTB b BHjj,e 

2 ^ e(r)-r 2 e(r)-r 2 
cos 09 ^ ^ - 2 = n{r). 

'2 '1 

PaccMOTpiiM cjie^yioiHHe BapiiaHTBi. 

4.4.1. npe/xriojiojKiiM, hto £(t) ^ r 2 + rf . Tor^a fljis npoH3BOJiBHoro 09 G (0, vr/2) MaTpnua 
M nojiojKHTejiBHo onpejj,ejieHa. Hcnojib3y3 cpopMyjiy f 1 3 . 1 1) . nojiynaeM dim Kerf? = 1 + 1 + 
2(m-2) = 2m-2. IIosTOMy dimF = 2(iV + 1) - (2m-2) = 2m + 2r + 4, dimif fc = dimiJ = 2 
npH Bcex 1 $C k ^ iV + 1. 06o6m;eHHa2 pa3MepHocTB chctcmbi S paBHa (2m + 2r + 4; 2). 

4.4.2. IIpe^nojioJKHM, hto £(t) < r 2 + rf . Onpe^ejiHM yroji 

09 (r) = arccos V^OOe (0,71-/2). 

MaTpnija M HeoTpnijaTejiBHo onpeflejieHa Torjj,a h tojibko Torjj;a, Korjj;a 09 G [o?(r),7r/2). 

Ecjih 09 G (o?(r), 7r/2), to M nojioxarrejiBHo onpejj;ejieHa h o6o6iu;eHHaii pa3MepHocTB S 
paBHa (2m + 2r + 4; 2). 

Ecjih 09 = 09 (r), to Ker M o/XHOMepHo, nosTOMy dimKer B = 2m — 1 h oGoGmeHHan pa3Mep- 
hoctb S paBHa (2m + 2r + 3; 2). 

3.3. KjiaccH<pHKau,HOHHaa TeopeMa. CcpopMyjnipyeM pe3yjiBTaTBi, nojiyneHHBie b no^pa3- 
jj;ejie 13.21 b BH/oe TeopeMBi. 

TeopeMa 3.1. Ecau £(t) < ; mo ne cyu^ecmeyem Henyjieeou cucmeMU nodnpocmpancme S , 
ydoeAemeopsnou^eu (Ang), (Com), (Ort). 

B CAyuae £(r) = c moHHOcmbw do ynumapHou SKeueaAeHmnocmu cyu^ecmeyem edun- 
cmeeHHdfi HenyAeean HenpueoduMan cucmeMa nodnpocmpancme S , ydoeAemeopAtoii^aA ycAO- 
6uhm (Ang), (Com), (Ort). Ee o6o6ui j cnnafi pa3Mepnocmt> paena (m + r; 1). 

B cAyuae ((r) > c monnocmbw do ynumapnoii 3KeueaAcnmnocmu ece nenyAeeue nenpueo- 
dujuue cucmeMU nodnpocmpancme S, ydoejiemeopfiwu^ue (Ang), (Com), (Ort), onucueawmcn 
CAedytou^uM o6pa30M. 

(1) M l = : 

(a) \M e \ + 1 cucmcM o6o6iu ) ennou pa3Mcpnocmu (m + r + 1; 1). 

(2) \M X \ = 1 : 

(a) I M e I + 1 cucmeM o6o6ii\cnnou pasMepnocmu (m + r + 1; 1); 
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(b) odna cucme.ua o6o6ui ) ennou pa3MepHocmu (to + r + 2; 1). 

(3) |M,|=2, E rl>i{r): 

keMi 

(a) |M e | + 1 cucmeM o6o6ui ) ennou pa3MepHocmu (to + r + 1; 1); 

(b) dee cucmeMU o6o6ui ) ennou pa3MepHocmu (to + r + 2; 1); 

(c) 6ecKonennaH ceMUH cucmeM o6o6ui ) ennou pa3Mepnocmu (2m + 2r + 4; 2), napaMem- 
pu3oeannaa uzjiom (p G (<p(t), 7r/2), 2cte </?(r) G (0, 7r/2); 

(d) odwa cucmeMa o6o6ui ) ennou pa3Mepuocmu (2m + 2r + 3; 2), coomeemcmeymu^asi 
ysAy ip = (p(r) . 

(4) |M,|=2u E r|=e(r): 

fceM, 

(a) \M e \ + 1 cucmeM o6o6ui ) ennou pasMepnocmu (to + r + 1; 1); 

(b) mpn cucmeMU oBoBuifCHHOU pa3Mepnocmu (to + r + 2; 1); 

(c) 6ecKOHeHHatt ceMun cucmeM o6o6ui ) ennou pa3Mepnocmu (2m + 2r + 4; 2), napaMem- 
pu3oeaHHatt yzAOM <p G (0, 7r/2). 

(5) \M l \=2u E rt<i{r): 

keMi 

(a) |M e | + 1 cucmeM o6o6ui ) ennou pa3Mepnocmu (to + r + 1; 1); 

(b) dee cucmeMU o6o6ui ) ennou pa3Mepnocmu (m + r + 2; 1); 

(c) odna cucmeMa o6o6ui ) ennou pa3Mepnocmu (m + r + 3; 1); 

(d) 6ecKOHeHHan ceMUH cucmeM o6o6ui ) ennou pa3Mepnocmu (2m + 2r + 4;2) ; napaMem- 
pu3oeaHHatt yzAOM ip G (0,7r/2). 

.Ec/m |M;| ^ 3 ; mo 3adaua onucanun ecex nenpueoduMux ynumapno neaKeueaAenmnux 
cucmeM S, ydoeAemeopsimu^ux (Ang), (Com), (Ort), neAfiemcsi *-duKou. 

Cjie,n,CTBHe 3.2. Ecau m ^ 3 u Tk < l/y/m + r + 1 <?a« /c = 1, 2, . . . , m + r ; mo 3aoV 
onucanuH ecex nenpueoduMux ynumapno nesKeueaAenmnux cucmeM nodnpocmpancme S , 
ydoeAemeopHtou^ux (Ang), (Com), (Ort), mAaemctt *-dunou. 

3.4. IIpHMep. B KanecTBe npimepa flafliM oniicamie c TomiocTbio yHHTapHofi sKBiiBa- 
jieHTHocTH Bcex HeHyjieBBix HenpHBo^HMBix cHCTeM no^npocTpaHCTB S = (H; Hi, ... , H$), ya;o- 
BjieTBopHiomHx ycjioBHHM (Ang), (Com), (Ort), b cjiynae, Kor^a to = 3, r = 1, a cpyHKirnji 
r — r ( r o)) r o £ (0,1/3), 3a,n;aHa paBeHCTBaMH r x = r , r 2 = V^Tq, t 3 = 2r , r 4 = 3r . B 
paccMaTpHBaeMOM cjiynae £(t) = 1 — 16tq. 

Ecjih r G (0, 1/V20), to sa^ana onncaHns Bcex HenpiiBo^iiMBix ymiTapHo HesKBHBajieHTHbix 
CHCTeM 5 1 , y^oBjieTBoparoiirHx (Ang), (Com), (Ort), jibjihctch *-,hhkoh. 

Ha oTpe3Ke r G [l/y/20, 1/4] c Tomrocrbio ^;o yHHTapHofi 3KBHBajieHTHocTH Bee HeHyjieBBie 
HenpHBOflHMbie chctcmbi no^npocTpaHCTB S, ynoBjieTBopjnomiie (Ang), (Com), (Ort), onncbi- 
BaioTCH cjie^yioiiiHM o6pa30M. 

(1) r = l/V20: 

(a) #Be cncTeMbi oGoGmeHHoft pa3MepHocTH (5; 1); 

(b) ^Be cncTeMbi o6o6meHHOH pa3MepHocTii (6; 1); 

(c) oflHa cncTeMa o6o6meHHOH pa3MepHocTH (7; 1); 

(d) GecKOHeHHaa ceMbs chctcm oGoGmeHHoft pa3MepHocTH (12; 2), napaMeTpii30BaHHaa: 
yrjiOM ip G (0, 7r/2). 

(2) r G (1/V20, 1/VT9) : 

(a) oflHa cncTeMa o6o6rn;eHHOH pa3MepHOCTH (5; 1); 

(b) ^Be cncTeMbi o6o6meHHOH pa3MepHOCTH (6; 1); 

(c) oflHa cncTeMa o6o6ru;eHHOH pa3MepHoc™ (7; 1); 

(d) GecKOHeHHaa ceMba chctcm o6o6ru;eHHOH pa3MepHocTii (12; 2), napaMeTpH30BaHHaH 
yrjiOM ip G (0, 7r/2). 

(3) r = 1/VT9 : 

(a) oflHa cncTeMa o6o6ru;eHHoii pa3MepHoc™ (5; 1); 
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(b) Tpn cncTeMbi o6o6ineHHOH pa3MepHocTH (6; 1); 

(c) 6ecKOHeHHaa: ceMbs cncTeM o6o6irj;eHHOH pa3MepHOCTH (12; 2), napaMeTpH30BaHHaH 
yrjioM ip G (0, 7r/2). 

(4) r G (1/VI9, l/>/l8) : 

(a) oflHa cHCTeMa o6o6in;eHHOH pa3MepHocTH (5; 1); 

(b) ^Be cHCTeMbi o6o6m,eHHOH pa3MepHocTH (6; 1); 

(c) GecKOHeHHaa ceMts cncTeM o6o6in;eHHOH pa3MepHocTH (12; 2), napaMeTpH30BaHHan 
yrjioM if G (<p(t), 7r/2), r^e 

/(l-17r 2 )(l-18r 2 )\ 1/2 , tt x 
V (t) = arccos H ^ G (0, -), 

(d) o/XHa CHCTeMa o6o6iiieHHOH pa3MepHocTH (11; 2). 3toh cucTeMe cooTBeTCTByeT yroji 
up = ip(r). 

(5) r = I/a/18 : 

(a) /xBe cncTeMBi o6o6m;eHHOH pa3MepHOCTH (5; 1); 

(b) ojjria ciicTeMa oGoGmeHHOH pa3MepHocTH (6; 1). 

(6) to G (1/VT8, 1/Vrf) : 

(a) o/xHa CHCTeMa oGoGmeHHOH pa3MepHocTH (5; 1); 

(b) ojjria CHCTeMa o6o6meHHOH pa3MepHocTH (6; 1). 

(7) r = 1/VT7 : 

(a) /xBe cncTeMBi o6o6in;eHHOH pa3MepHOCTH (5; 1); 

(8) r G (1/VTf, 1/4) : 

(a) oflHa CHCTeMa oGoGmeHHOH pa3MepHocTH (5; 1); 

(9) t = 1/4 : 

(a) o/XHa CHCTeMa o6o6iHeHHOH pa3MepHOCTH (4; 1); 

Ecjih To G (1/4, 1/3), to He cymecTByeT HeHyjieBoii cncTeMBi no/xiipocTpaHCTB S, ynoBjieTBo- 
paioiiieH (Ang), (Com), (Ort). 
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